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Abstract 

A quantum effect is an operator A on a complex Hilbert space H that satisfies 
< yl < /, £{H) is the set of all quantum effects on H. In 2001, Professor 
Gudder and Nagy studied the sequential product Ao B = A2BA2 A,B E 
£-{H). In 2005, Professor Gudder asked: Is AoB = A2BA2 the only sequential 
product on £{H)1 Recently, Liu and Wu presented an example to show that 
the answer is negative. In this paper, firstly, we characterize some algebraic 
properties of the abstract sequential product on £{H); secondly, we present 
a general method for constructing sequential products on £{H); finally, we 
study some properties of the sequential products constructed by the method. 
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1. Introduction 



Sequential effect algebra is an important model for studying the quantum mea- 
surement theory ([1-7]). A sequential effect algebra is an effect algebra which has 
a sequential product operation. Firstly, we recall some elementary notations and 
results. 
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An effect algebra is a system {E, 0, 1, ©), where and 1 are distinct elements of 
E and © is a partial binary operation on E satisfying that [8]: 

(EAl) If a ® 6 is defined, then 6 ® a is defined and b ® a — a ® b. 
(EA2) If a ® (6 © c) is defined, then (a © 6) © c is defined and 

{a ® b) ® c ^ a ® {b ® c). 

(EA3) For each a e E, there exists a unique element b e E such that a © 6 = 1. 
(EA4) If a © 1 is defined, then a = 0. 

In an effect algebra {E,0,1,Q)), if a © 6 is defined, we write a_L6. For each 
a e {E, 0, 1, ©), it follows from (EA3) that there exists a unique element b e E such 
that a® b — 1, we denote b by a'. Let a,b E {E, 0, 1, ©), if there exists a, c E E 
such that a_Lc and a® c — b, then we say that a < b. It follows from [8] that < is a 
partial order of {E, 0, 1, ©) and satisfies that for each a E E, < a < 1, a±b if and 
only if a < fe'. 

Let {E, 0, 1, ©, o) be an effect algebra and a E E. U a A a' — 0, then a is said to 
be a sharp element of E. We denote £"5 the set of all sharp elements of E ([9-10]). 

A sequential effect algebra is an effect algebra (£',0,1,©) with another binary 
operation o defined on it satisfying [2]: 

(SEAl) The map 6 1— > a o 6 is additive for each a E E, that is, if 6±c, then 
a o b-La o c and 00 (6© c) = oo6©aoc. 

(SEA2) 1 o a = a for each a E E. 

(SEAS) If a o 6 = 0, then a o b = b o a. 

(SEA4) U a o b — b o a, then a o b' — b' o a and a o (6 o c) = (o o 6) o c for each 
ceE. 

(SEAS) Ifcoa — a o c and cob — b o c, then c o [a o b) = (a o 6) o c and 
c o (a © 6) = (a © 6) o c whenever a_L6. 

If {E, 0, 1, ©, o) is a sequential effect algebra, then the operation o is said to be 
a sequential product on {E, 0, 1, ©). If a,b E {E, 0, 1, ©, o) and a o b = b o a, then a 
and b is said to be sequentially independent and is denoted by a\b ([1-2]). 
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Let if be a complex Hilbert space, B{H) be the set of all bounded linear operators 
on H, V{H) be the set of all projections on H, 8{H) be the set of all self-adjoint 
operators on H satisfying that < A < /. For A,B & ^{H), we say that A® B 
is defined if A + B e 8{H), in this case, we define A® B — A-\- B. It is easy to 
see that (£^(if), 0, J, ©) is an effect algebra, we call it standard effect algebra ([8]). 
Each element A in £{H) is said to be a quantum effect, the set £{H)s of all sharp 
elements of {E{H),Q, /, ©) is just V{H) ([2, 9]). 

Let A e B{H), we denote Ker{A) = {x E H \ Ax = 0}, Ran{A) = {Ax \ x e 
H}, PKer(A) dcuotcs thc projcctiou onto Ker{A). Let x E H he a unit vector, 
denotes the projection onto the one-dimensional subspace spanned by x. 

In 2001 and 2002, Professor Gudder, Nagy and Greechie showed that for any 
two quantum effects A and B, if we define Ao B = A^BA^, then the operation o is 
a sequential product on the standard effect algebra {S{H),Q,I,(B), moreover, they 
studied some properties of this special sequential product on {S{H),0, 1,®) ([1,2]). 

In 2005, Professor Gudder asked ([4]): Is Ao B — A^BA^ the only sequential 
product on standard effect algebra {£{H),0, 1, ©)? 

In 2009, Liu and Wu constructed a new sequential product on [S{H),0,I,(B), 
thus answered Gudder 's problem negatively ([7]). This new sequential product on 
{£{H), 0, 7, ®) motivated us to study the following topics: (1) Characterize the al- 
gebraic properties of abstract sequential product on 0, /, ©). (2) Present a 
general method for constructing sequential product on {£{H),0, (3) Char- 
acterize some elementary properties of the sequential product constructed by the 
method. Our results generalize many conclusions in [1,3,7,14]. 

2. Abstract sequential product on 0, /, ©) 

In this section, we study some elementary properties of the abstract sequential 
product on the standard effect algebra {E{H),0, /, ®). 

Lemma 2.1 ([2]). Let {E, 0, 1, ©, o) be a sequential effect algebra, a E E. Then 
the following conditions are all equivalent: 
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(1) a e Es; 

(2) o o o' = 0; 

(3) ao a — a. 

Lemma 2.2 ([2]). Let {E,0,l,(B,o) be a sequential effect algebra, a E E, 
b E Es- Then the following conditions are all equivalent: 

(1) a<b; 

(2) aob — boa — a. 

Lemma 2.3 ([2, 8]). Let {E, 0, 1, ©, o) be a sequential effect algebra, a,b,c e E. 

(1) li a J- b, a J- c and a © 6 = a ® c, then b — c. 

(2) aob < a. 

(3) If a < 6, then c o a < c o 6. 

Lemma 2.4 ([7]). Let o be a sequential product on the standard effect algebra 
{£{H),0,I,®). Then for any A,B e S{H) and real number t, < t < 1, we have 
{tA) oB^Ao {tB) = t{A o B). 

Lemma 2.5 ([1]). Let A, S,C e 1S{H) and A, S, C be self-adjoint operators. 
If for every unit vector x E H, {Cx, x) — {Ax, x){Bx, x), then A — tl or B — tl for 
some real number t. 

Lemma 2.6 ([11])- Let A e B{H) have the following operator matrix form 




with respect to the space decomposition H — Hi® H2. Then A > iff 

(1) Au e B{Hi) and Ai >0, ^ = 1,2; 

(2) A21 = 

(3) there exists a linear operator D from H2 into ifi such that ||D|| < 1 and 

1 1 
A12 — AiiDA22- 

Theorem 2.1. Let o be a sequential product on {£{H),0, 1,®), B e £{H), 
E e V{H). Then EoB = EBE. 
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Proof. For A e S{H), let $a ■ £{H) — > £{H) be defined by ^a{C) = AoC 
for each C G S{H). It follows from Lemma 2.4 and (SEAl) that is affine on the 
convex set S{H). Note that S{H) generates algebraically the vector space B{H), so 

has a unique linear extension to B{H), which we also denote by Then 
is a positive hnear operator on B{H) and ^a{I) — A. Thus $a is continuous. 

Note that E e V{H) = £{H)s, it follows from Lemma 2.1 that E o {I - E) = 
and so ^e{,I — E) = 0. By composing with all states on B{H) and using 
Schwarz's inequality, we conclude that ^e{B) = ^e{EBE). Since e S{H), 

E e and EBE < E, by Lemma 2.2 we have E o (EBE) = Thus 

EoB^ ^e{B) = ^e{EBE) ^Eo {EBE) = EBE. 

Theorem 2.2. Let o be a sequential product on 0, /, ©), ^4, B e ^(-H^) 

and AS = BA. Then AoS = SoA = AS. 

Proof. We use the notations as in the proof of Theorem 2.1. 

Suppose E e V{H) and E G {A}', i.e., EA = AE. Note that EAE, {I-E)A{I- 
E) e S{H), EAE < E and (/ - E)A{I - E) < I - E,hy Lemma 2.2, it follows 
that EAE\E and (7 - E)A{I - E)\{I - E). Since A = + (/ - E)A{I - E), 
by (SEA4) and (SEAS) we have A\E. By Theorem 2.1 we conclude that Ao E ^ 
EoA — EAE = AE. Thus, ^a{E) = AE. Since $^ is a continuous linear operator 
and {A}' is a von Neumann algebra, wc conclude that ^a{B) = AB. That is, 
AoB = AB. Similarly, we have BoA = BA. Thus Ao B ^ B o A = AB. 

Theorem 2.3. Let o be a sequential product on ), 0, /, ©), A,Be £{H). 
Then the following conditions are all equivalent: 

(1) AB^ BA^ B; 

(2) AoB>B; 

(3) AoB^B; 

(4) BoA = B; 

(5) B<Pk er{I—A)i 

(6) B < A^ for each positive integer n. 
Proof. (1)=^(3) and (1)^(4): By Theorem 2.2. 
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(3) ^(2) is obvious. 

(4) =^(3): By Theorem 2.2, BoA = B = BoI. Thus, it follows from Lemma 2.3 
that Bo{I-A) = 0. By (SEA3), B\{I-A). By (SEA4), B\A. So AoB = BoA = B. 

(2)^(6): By using Theorem 2.2 and Lemma 2.3 repeatedly, we have: 
B <AoB <AoI = A- 

Ao B < Ao {Ao B) < Ao A = A^] 

Ao {Ao B) < Ao (Ao {Ao B)) < Ao A^ = A^-, 

Ao---o{AoB)<Ao[Ao---o{AoB))<Ao A^~^ = A". 
The above showed that B < A" for each positive integer n. 
(6)^(5): Let X{i} be the characteristic function of {1}. Note that < A < /, it 
is easy to know that {A^} converges to X{i}{A) — PKer{i-A) in the strong operator 

topology. Thus B < PKer{I-A)- 

(5) =^(1): Since < S < PKer{i-A), we have Ker{PKer{i-A)) Q Ker{B). So 
Ran{B) C Ran{PKer{i-A)) = Ker{I - A). Thus (/ - A)B = 0. That is, AB = B. 
Taking adjoint, we get AB = BA = B. 

Theorem 2.4. Let o be a sequential product on (£^(if), 0, /, ®), A,Be S{H). 
Then the following conditions are all equivalent: 

{I) C o {Ao B) = {C o A) o B for every C e £{H)] 

(2) ((Ao B)x,x) — {Ax,x){Bx,x) for every x & H with = 1; 

(3) A — tl or B — tl for some real number <t < 1. 

Proof. By Lemma 2.5, we conclude that (2)=^(3). By Theorem 2.2 and Lemma 
2.4, (3)^(1) is trivial. 

(1)^(2): If (1) hold, then o {A o B) = (P^ o A) o B for every x e H with 
= 1. By Theorem 2.1, P^ o {A o B) = P^{A o B)P^ = {{A o B)x,x)P^. By 
Theorem 2.1 and Lemma 2.4, (P^ o A) o B ^ (PxAPa:) o B ^ ({Ax,x)P^) o B ^ 
{Ax,x){P^ oB)^ {Ax,x)P^BP^ = {Ax,x){Bx,x)P^. Thus (2) hold. 

Theorem 2.5. Let o be a sequential product on 0, J, ©), B e S{H), 

E e V{H). Then the following conditions are all equivalent: 
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{!) EoB < B; 

(2) EB = BE; 

(3) E o B ^ B o E. 

Proof. (2)=^>(3): By Theorem 2.2. 
(3)^(1): By Lemma 2.3. 

(1)^(2): Since E e V{H), by Theorem 2.1, EoB = EBE. Thus, B-EBE > 0. 



with respect to the space decomposition H — Ran{E) ® Ker{E), so by Lemma 2.6 
we have EB{I - E) = {I - E)BE = 0. Thus B = EBE + {I - E)B{I - E). So 
EB = BE. 

Theorem 2.6. Let o be a sequential product on {S{H), 0, /, ®), A, 5, C e £{H). 
If A is invertible, then the following conditions are all equivalent: 

(1) B<C; 

{2) AoB <AoC. 

Proof. (1)=^(2): By Lemma 2.3. 

(2) =^(1): It is easy to see that e £{H). 

By Lemma 2.3, o{AoB)< {\\A-^\\^^A-^) o {AoC). 

By Theorem 2.2, and {\\A-^\\-^A-^) oA = \\A-^\\-^I. 

By (SEA4) and Theorem 2.2, we have 

{\\A-^\\-^A-^)o{AoB) = ({\\A-^\\-^A-^)oA)oB ^ {\\A-^\\-^I)oB ^\\A-^\\-^B, 
{\\A-^-^A-^)o{AoC) = ((||A-i-M-i)oA)oC= (||A-i||-i/)oC= ||A-i||-ia 
So S < C. 

CoroIIeiry 2.1. Let o be a sequential product on (£^(ff), 0, /, ®), A,B,C e 
S{H). If A is invertible, then the following conditions are all equivalent: 

{l)B^C; 

{2) AoB = AoC. 

3. General method for constructing sequential products on 8{H) 



Note that 



B - EBE = 



EB{I - E) 

^ (/ - E)BE (/ - E)B{I - E) 
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In the sequel, unless specified, suppose if be a finite dimensional complex Hilbert 
space, C be the set of complex numbers, R be the set of real numbers, for each 
A e ^{H), sp{A) be the spectra of A and B[sp{A)) be the set of all bounded 
complex Borel functions on sp{A). 

Let A, S e }3{H), if there exists a complex constant ^ such that |^| = 1 and 
A = £^B, then we denote A !^ B. 

In [7], Liu and Wu showed that if we define AoB ^ A2 fi{A)Bf_i{A)A2 for 
A,Be £{H), where /^(t) = exp 2;(lnt) if t G (0, 1] and /^(O) = 0, then o is a sequen- 
tial product on {£{H), 0, /, ©), this result answered Gudder's problem negatively. 

Now, we present a general method for constructing sequential products on £{H). 

For each A e S{H), take a /a G B{sp{A)). 
Define AoB^ fA{A)Bj^{A) for A,B e S{H). 

we say the set {f a} Aee(H) satisfies sequential product condition if the following 
two conditions hold: 

(i) For every A e £{H) and t e sp{A), \fA{t)\ = v^; 

(ii) For any A,B e £(H), if AB = BA, then fA(A)fB{B) ^ fAB(AB). 

If {fA}Ae£{H) satisfies sequential product condition, then it is easy to see that 

(1) fAiA)U{A) = UA)fA{A) = A, {fA{A)r = U{A). 

(2) If e sp{A), then /^(O) = 0. 

n 

(3) If A = J2 ^kEk, where {Ej.}'^^-^ are pairwise orthogonal projections, then 

fe=i 

n 

fA{A) - E fA{Xk)Ek. 

k=l 

(4) For each E e V{H), fE{E) = /s(0)(/ - E) + fE{l)E = /^(l)^;. 

(5) for any A, Be £(H), AoBe £{H). 

Lemma 3.1 ([12]). Let if be a complex Hilbert space, A,B e B{H), A, B, AB 
be three normal operators, and at least one of A, S be a compact operator. Then 
BA is also a normal operator. 

Lemma 3.2 ([13]). If M,N,T e B{H), M, TV are normal operators and MT = 
TN, then M*T = TN*. 
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Lemma 3.3. Suppose {fA}Ae£{H) satisfy sequential product condition and 
A,B e 8{H). \iAoB = BoAoiAoB = J^{B)AfB{B), then AB = BA. 

Proof. li Ao B = B o A, that is, fA{A)BU{A) = fB{B)Aj^{B), then 
fA{A)J^{B)fB{B)TA{A) = fB{B)TA{A)fA{A)MB), so fA{A)MB) is normal. By 
Lemma 3.1, we have fB{B)fA{A) is also normal. Note that = 



/^(A)(7^(5)/a(A)), by using Lemma 3.2, we have V^(A) = 

fA{A)(f^{B)fA{A))\ That is, = Taking adjoint, we 

have MB)A = ^7^(S). Thus, AB = Aj^{B)fB{B) = MB)AfB{B) = 
J^{B)fB{B)A = SA. 

If A^B = J^{B)AfB{B), that is, /a(A)57I(A) = MB)AfB{B), the proof is 
similar, we omit it. 

Lemma 3.4. Suppose {/A}A6£(if) satisfy sequential product condition and 
A,B e £{H). liAB = BA, then AoB = BoA = AB. 

Proof. Since AB = BA, by sequential product condition (i) we have Ao B = 
fA{A)BU{A) = \fA?{A)B = AB. Similarly, BoA - fB{B)Aj^{B) = \fB\'{B)A = 
AS. Thus AoB^BoA^ AB. 

Lemma 3.5. Suppose {fA}Ae£{H) satisfy sequential product condition and 
A,B e £{H). If AB = BA, then for every C e S{H), Ao {B o C) = {Ao B) o C. 

Proof. By Lemma 3.4, AoB — AB. By sequential product condition (ii), there 
exists a complex constant ^ such that |^| = 1 and = ^fAB{AB). Taking 

adjoint, we have MB)MA) = 17I^{AB). Thus, /a(A)/b(S)CMS)7I(A) = 
fAB{AB)Cj^{AB) = fAoB{AoB)CjZ^{AoB). That is, Ao{BoC) = {AoB)oC. 

Lemma 3.6 ([1]). If y, ^ e if and | (y, x) | = | {z, x) \ for every x e H, then there 
exists a c e C, \c\ — 1, such that y — cz. 

Lemma 3.7 ([14]). Let / : H — > C be a mapping, T e B{H). If the operator 
5" : H — )• H defined by S{x) — f{x)T{x) is hnear, then f{x) — f{y) for every 
x,y ^ Ker{T). 

Lemma 3.8. Let / : H — > C be a mapping, T e B{H). If the operator 
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S : H — > H defined by S{x) = f{x)T{x) is linear, then there exists a constant 
e C such that S{x) = iT{x) for every x & H. 
Proof. By Lemma 3.7, there exists a constant ^ G C such that S{x) — ^T{x) 
for every x Ker{T). Of course, S{x) = = ^T{x) for every x e Ker{T). So 
S{x) = iT{x) for every x & H. 

Our main result in the section is the following. 

Theorem 3.1. For each A G S{H), take a G B{sp{A)). Define Ao B = 
fA{A)BU{A) for A,B e 8{H). Then o is a sequential product on 0, J, ©) 

iff the set {fA}Ae£{H) satisfies sequential product condition. 

Proof. (1) Firstly we suppose {fA\Ae£{H) satisfy sequential product condition, 
we show that {S{H),0, /, ©, o) is a sequential effect algebra. 

(SEAl) is obvious. 

By Lemma 3.4, I o B ^ B ioi each B G S{H), so (SEA2) hold. 
We verify (SEA3) as follows: 

U AoB ^ 0, then fA{A)BU{A) = 0, so = 0, thus, we have AB = 

'U{A)fA{A)B^B^ = 0. Taking adjoint, we have AB = BA. SoAoB^BoA. 
We verify (SEA4) as follows: 

U AoB ^ B^A, then by Lemma 3.3, AB = BA. So A{I - B) ^ {I - B)A. By 
Lemma 3.4, we have Ao{I-B) = {I-B)oA. By Lemma 3.5, Ao{BoC) = {AoB)oC 
for every C E E(H). 

We verify (SEAS) as follows: 

If Co A = AoC and CoB = BoC, then by Lemma 3.3, AC = CA, BC = CB. 
So (SEAS) follows easily by Lemma 3.4. 

Thus, we proved that {£{H), 0, /, ®,o) is a sequential effect algebra. 

(2) Now we suppose o be a sequential product on (£^(if), 0, /, ®), we show that 
the set {Ja} A£e(H) satisfies sequential product condition. 

Since {S{H), 0, /, ©, o) is a sequential effect algebra, by Theorem 2.2, for each A G 
S{H), Aol ^ A, thus \fA\^{A) ^ A. If A = E XkEk, where are pairwise 

k=l 

n n 

orthogonal projections, J2 I, then sp{A) = {A^}, \fA\ (A) = E \fA{Xk)\ Ek- 

k=l k=l 
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Thus = \/Afc and {fA}Ae£{H) satisfies sequential product condition (i). 

To prove {fA}Ae£{H) satisfies sequential product condition (ii), let A,Be £{H) 
and AB = BA. By Theorem 2.2, we have AoB ^ Bo A^ AB. Thus by (SEA4), 
Ao{BoC)^{AoB)oC fox every C e £{H). 

Let X & H, \\x\\ = 1, C — Px- Then for every y E H, we have 

{fA(A)fB(B)PjE{B)U(A)y,y) 

^{{Ao{BoP,))y,y) 
^{{{AoB)oP,)y,y) 
^{{{AB)oP,)y,y) 
^{fAB{AB)PjX^{AB)y,y) . 

Since 

{fA{A)fB{B)PMB)U{A)y,y) = \{MB)U{A)y,x)\' , 

{fAB{AB)PjX^{AB)y,y) = \{U;{AB)y,x)\' , 

we have \ {fB{B)fA{A)y,x) \ = \ {fABiAB)y,x) \ for every x,y e H. 

By Lemma 3.6, there exists a complex function g on H such that \g{x)\ = 1 
and fB{B)fA{A)x — g{x)fAB{AB)x for every x e H. By Lemma 3.8, there exists 
a constant ^ G C such that |^| = 1 and fB{B)fA{A)x — ^fAB{AB)x for every 
X & H. So we conclude that fB{B)fA{A) = ^fAsiAB). Taking adjoint, we have 
fA{A)fBiB) = lfAB{AB). Thus fA{A)fB{B) ^ fAB{AB). This showed that the 
set {fA}Ae£iH) satisfies sequential product condition. 

Theorem 3.1 present a general method for constructing sequential products on 
S{H). Now, we give two examples. 

Example 3.1. Let 5' be a bounded complex Borel function on [0, 1] such that 

\g(t)\ = v^for eachi e [0,1] , 
^(^1^2) = g{ti)g{t2) for any ti,t2 G [0, 1] . 
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For each A G S{H), let /a = g\sp{A)- Then it is easy to know that 
{Ja} satisfies sequential product condition. So by Theorem 3.1, A o B — 
fA{A)BfA{A) — g{A)Bg{A) defines a sequential product on the standard effect 
algebra {S{H),0,I,®). 

It is clear that Example 3.1 generahzed Liu and Wu's result in [7]. 

Example 3.2. Let if be a 2-dimensional complex Hilbert space, F = {7 | 7 be 

a decomposition of / into two rank-one orthogonal projections}. For each 7 e F, we 

can represent 7 by a pair of rank-one orthogonal projections {Ei, E2), if A e ^{H), 

2 

A ^ span{I} and A = J2 ^k^k, then we say that A can be diagonalized by 7. 

k=l 

For each 7 e F, we take a ^(7) G R. If A G S{H), A ^ span{I} and A can be 
diagonalized by 7, let fA(t) — for t G sp{A). 

If A G S(H) and A = XI, let /^(O = ^ for t G sp(A). 

Then the set {fA}Ae£iH) satisfies sequential product condition (see the proof 
below). So by Theorem 3.1, A o B = defines a sequential product on 

the standard effect algebra {S{H),0, 1,(B). 

Proof. Obviously {fA}Ae£{H) satisfies sequential product condition (i). 

Now we show that {fA}Aee{H) satisfies sequential product condition (ii). Let 

A,B e 8{H), AB = BA. 

2 2 

(1) If A = E AfeEfc, B = J2 f^kEk, Ai ^ X2, III ^ fi2, let 7 = (£^1,^2), we have 

k=l k=l 

f^{t) = for t G sp{A), feit) = tH^W^ for t G sp{B). So /^(A) = ^l+^W^ = 

E xt'^^'E,, MB) = S^+^W' = E 

k=l k=l 

(la) If A1//1 = A2At2, then AB — Ai/^i/, so fAsit) — for ^ £ sp{AB), 

thus wc have fAsiAB) = {AB)\ = v^/, /a(A)/b(5) = E (Afe/ife)i+«W^£;fe = 

fe=i 

(Ai/Xl)5+«WV = (Ai//i)fW7^B(A5) ~ /AB(Ai?). 

(lb) If A1//1 ^ A2//2, then AB= Y: hl^kEk, so /^^(t) = i^+eW^ for ^ g sp{AB), 

k=l 

fAB{AB) = (^5)5+^(7)^ = E(Afc//fc)HS(7)^i?,, thus we have fA{A)fB{B) = 

fc=i 

E(Afe/^fe)^+^(^)% = /AB(AS). 

fc=i 

(2) liA = \I,B= E /"fe^fc, /"I 7^ /i2, let 7 = (^1, ^2). Then wc have /^(t) = 

k=l 

for t G sp{A), fsit) = tHSW* for t G sp(S). So /^(A) = = VA/, /b(S) = 
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k=l k=l 

(2a) If A = 0, then AB = 0, /^^(t) = for t e sp{AB), so fAsiAB) = (AB)^ = 
0. Thus fA{A)fB{B) = = /as(AS). 

(2b) If A ^ 0, then fAsit) = for t e sp{AB). So /ab(A5) = 

(AS)H€(7)^ = Ai+€W^ E (/.fe)5+€W^E,. Thus /A(^)/B(i?) = Va E (/.fe)5+?w^£;, ^ 

k=l k=l 

fAB{AB). 

(3) If A = A/, S = then /^(t) = for i e sp(A), feit) = ^5 for t e sp(S). 
So /a(^) = >15 = VA/, /b(B) = 55= 01/. AS = A/x/, /AB(t) = for 
t e sp(AS), /ab(A5) = {AB)^2 = yO^I. Thus fA{A)fB{B) = fAsiAB). 

It follows from (l)-(3) that the set {/^jAef (h) satisfies sequential product con- 
dition (ii). 

4. Properties of the sequential product o on (£(i/), 0, J, ©) 

Now, we study some elementary properties of the sequential product o defined 
in Section 3. 

In this section, unless specified, we follow the notations in Section 3. We always 

suppose {fA}Aee(H) satisfies sequential product condition. So by Theorem 3.1 o is 
a sequential product on the standard effect algebra {£{H), 0, /, ®). 

Lemma 4.1. If C e S{H), < t < 1, then ftc{tC) ^ fti{t)fc{C). 
Proof. Since {fA}AG£{H) satisfies sequential product condition, ftc{tC) ~ 
fti{tI)fc{C) = fti{t)fc{C). 

Lemma 4.2. Let A e £{H), x e H, \\x\\ = 1, \\fA{A)x\\ ^ 0, y = ^{f^- 
ThenAoP, = \\fAiA)x\\^Py. 

Proof. For each z e H, {AoP.,)z = fA{A)PM{A)z = {U{A)z,x)fA{A)x = 
{zjA{A)x)fA{A)x^\\fA{A)xfPyZ. SoAoP,^\\fA{A)xfPy. 

Lemma 4.3. Let M C B{H) be a von Neumann algebra, P be a minimal 
projection in M, A e M, x G Ran{P), \\x\\ = 1. Then PAP = uJx{A)P, where 
^x{A) = {Ax,x). 
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Proof. Since P is a minimal projection in M, by [15, Proposition 6.4.3], PAP — 
XP for some complex number A. Thus {PAPx,x) = {\Px,x). So A = WxiA). 

Theorem 4.1. Let A,Be S{H). Then the following conditions are all equiva- 
lent: 

(1) AB = BA; 
{2)AoB^BoA; 

(3) Ao(BoC) ^ (AoB)oC for every C E £{H). 
Proof. (1)^(2): By Theorem 2.2. 

(2) ^(1): By Lemma 3.3. 
(1)^(3): By Lemma 3.5. 

(3) =^(1): Let xeH, \\x\\ = 1, C = P^. Then for each yeH, 

{U{A)MB)Pj^{B)U{A)y,y) 

^{{Ao{BoP,))y,y) 
^{{{AoB)oP,)y,y) 
= {fA<>B{AoB)PjZ^{AoB)y,y) . 

Since 

{fA{A)fB{B)PMB)U{A)y,y) = \{MB)lA{A)y, x)\' , 
{fAoB{AoB)PjZ^{AoB)y,y) = \{fZ^{Ao B)y,x)\^ , 
we have | x) | = KfAosiAo B)y,x) \ for every x,y e H. 

By Lemma 3.6, there exists a complex function g on H such that \g{x) \ — 1 and 
fB{B)fA{A)x = g{x)fAoB{Ao B)x for every x 

By Lemma 3.8, there exists a constant ^ such that |^| = 1 and fB{B)fA{A)x — 
^fAoB{Ao B)x for every x e H. 

So we conclude that fB{B)fA{A) = ^fAoB^AoB). 

Taking adjoint, we have = CfAoB{AoB). Thus 'E{B)AfB{B) = 

MB)U{A)fA{A)fB{B) = (fZ^{A^B)'^fAoB{AoB) ^A^B. That is, AoS = 
J^{B)AfB{B), so by Lemma 3.3, we have AB = BA. 
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Theorem 4.2. Let A, B e £{H). \i Ao B e V{H), then AB = BA. 

Proof. U Ao B = 0, then by (SEAS) we have AoB = BoA,sohy Theorem 
4.1 we have AB = BA. 

UAoB ^ 0. Firstly, we let x e Ran{AoB) and \\x\\ = 1. Then fA{A)Bjl{A)x = 
X. So {BfA{A)x, fA{A)x) 1. By Schwarz inequality, we conclude that BfA{A)x = 
h{A)x. Thus Ax = fA{A)U{A)x = fA{A)BU{A)x = x. So 1 e sp{A) and 
BU{A)x = U{A)x - U{l)x. 

Next, we let x e Ker{A o B) and \\x\\ = 1. Then fA{A)Bj^{A)x = 0. So 
{Bjl{A)x,J2{A)x) = 0. We conclude that Bj^{A)x = 0. 

Thus, we always have Bj2{A) = U{l){AoB). That is, /^(1)S7^(A) ^AoB. 

Taking adjoint, we have fA{l)BU{A) = U{l)fA{A)B. 

By Lemma 3.2, we have 7I(1)S/^(A) = /^(1)7I(^)S. So /^(1)7^(A)B is self- 
adjoint. By [15, Proposition 3.2.8], we have 

sp{fA{l)UA)B)\{0} = sp{fA{l)BUA))\{0} = sp(AoB)\{0} C R+. 
Thus we conclude that /a(1)7a(^)-S > 0. 

Since {fA{l)U{A)By = (U{l)BfA{A)){fA{l)h{A)B) = 5^5 = 
(/a(1)-B/a(A))(^/a(1)/a(A)-B) = (AoB^, by the uniqueness of positive square 
root, we have ^ AoB. That is, /a(1)7I(A)S = = 

/A(l)i?^(A) = U^)fA{A)B = AoB. Thus, = fA{l)BU{A)Ul)fA{A) = 
/A(iraA)i?7I(l)/A(^) = fA{l)UA)h{^)fA{A)B = AB. 

Theorem 4.3. Let A, B e S{H). Then the following conditions are all equiva- 
lent: 

(1) Ao{CoB) = {AoC)oBioT every C e 

(2) C o (A o 5) = (C o A) o S for every C e £:(i7); 

(3) {{A<> B)x,x) — {Ax,x){Bx,x) for every x E H with ||x|| = 1; 

(4) A = or B = i/ for some 0<t<l. 

Proof. By Theorem 2.4, we conclude that (2)'^==^(3)'^==^(4). 
(4)=^(1) follows from Lemma 2.4 and Theorem 2.2 easily. 

(1)^(4): If (1) hold, then Ao(P^oB) = (Ao P^) o B for each x e H with 
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= 1. Without lose of generality, we suppose ||/^(A)x|| 7^ 0. Let y = |j|^^^)fj|- 
By Lemma 4.2 and Theorem 2.1, 

Ao{P,oB) = fA{A){P,BP,)U{A) 

= {Bx,x){AoP^) 
= \\fA{A)xf{Bx,x)Py. 
By Lemma 4.1 and Lemma 4.2, 

{AoP,)oB^{\\fAiA)xfPy)oB 



^ f\\fA{A)x\\^Py{\\fA{A)x\\ Py)Bf\\f^^A)xpPy{\\fA{A)x\\ Py) 

= hu^A)x\M\\fA{A)xf)fp^{Py)Bj^^^^ 

= \\fA{A)xfPyBPy 

= \\fA{A)x\WBy,y)Py. 

Thus {Bx,x) = {By,y). So we have {JX{A)BfA{A)x,x) = {Ax,x){Bx,x). By 
Lemma 2.5, we conclude that (4) hold. 

Theorem 4.4. Let A e S{H), E e ViH). Then the following conditions are all 
equivalent: 

(1) AoE <E; 

{2) EU{A){I-E)=0. 

Proof. Since E e V{H) and ||7I(^)|| < 1, we have 

AoE <E {fA{A)E'U{A)x, x) < {Ex, x) for every xeH 

||E7A(^)a;|| < \\Ex\\ for every x e H 
^ M^) \KeriE)Q Ker{E) 
^EU{A){I-E) = Q . 



16 



Corollary 4.1 [14]. Let A e £{H), E e V{H). Then the following conditions 
are all equivalent: 

(1) A^EA^ < E; 

(2) AE = EA. 

Proof. (2)^(1) is trivial. 

(1)^(2): Let /^(t) = Vt for each B E £{H) and t G sp(B), then {fB}Be£(H) 
satisfies sequential product condition. For this sequential product, AoE = A^EA^ . 
So by Theorem 4.4 we have EA^I - E) ^ 0. That is, EA^ = EA^E. Taking 
adjoint, we have EA^ = A^E. Thus AE = EA. 

Corollary 4.2. Let M C be a von Neumann algebra, S{M) ^ {A e 

M\0 < A < /}, P or / — P be a minimal projection in M. Then for every A e S{M), 
the following conditions are all equivalent: 

(1) AoP < P; 

(2) = PA. 

Proof. (2)=^(1): By Theorem 2.2, AoP = AP = PAP < P. 

(1)^(2): If P is a minimal projection in M, then by Theorem 4.4 we have 
P7I(A)(7 - P) = 0, that is, Ph(A) = PMA)P. 

Let X e Ran{P) with = 1. Then by Lemma 4.3 we have PfA{A)P ~ 
uj,(U{A))P. So PMA) = u^{UiA))P. Taking adjoint, we have /^(yl)P = 
u;Ma{A))P. By Lemma 3.2, we have P/^(A) = a;,(7:^(A))P = a;,(/^(A))P. 
Thus P/a(A) = fA{A)P. Taking adjoint, we have PU{A) = 7I(A)P. So, 
PA = P/^(A)7;(A) = /^(A)P7I(A) = UA)UA)P = AP. 

If J — P is a minimal projection in M. By Theorem 4.4 we have PfA{A){I — P) — 
0. Taking adjoint, we have (7 - P)/a(A)P = 0. That is, (/ - P)/a(A) = - 
P)fA{A){I -P). Similar to the proof above, we conclude that {I-P)A = A{I-P). 
So AP = PA. 
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